Volume of a Solid of Revolution

6.1: Disk and Washer Method

Animations of these examples can be found at

6.3: Shell Method

http:/ /www.pccmathuyekawa.com/classes-taught/math_Sa/handouts/index.html

uhe problem: Find the volume of a solid formed by revolving a plane region about an axis. 1

About the y axis:

The idea: given the continuous function and the region shown below. Revolve the
region about the y axis to form the solid shown below.
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Take slices perpendicular to the y axis.

They will be circular disks of
volumeAV ="wr’h". The value of r,
and h will vary dependent on the axis
of revolution and on the region.

For this case,
r=radius of disk= (v )
h=thickness of disk= Ay

So AV =x[g(»] Ay

Sum these and take the limit as
ystop

n—wtoget: V= fn[g(y)]zdy
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Take a rectangle parallel to the y axis.
If that rectangle is revolved about the
y axis it generates a cylindrical shell of
volume et oy spen
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AV ="571?(height of rectangle)(thickness)"
The value of r, height, and thickness

will vary dependent on the axis of
revolution and on the region. For this
case:

r=rad. of cylin.=dist from rect to axis= ¥
height of rectangle= + (x )

thickness= A y¢

So AV =2mxf(x)Ax

Sum these up and take the limit as
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n—>otogetV = f2J1xf(x)dx
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L Itis better to understand the general idea than to memorize the formulas. ]

0=x=2 is revolved about the y axis.

Example: Find the volume when the region bounded by y = 4-x 2 and the y axis,
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The Shell Method
AV ="2mr(height of rectangle)(thickness)"
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axis, is revolved about the y axis.

Example: Find the volume when the region bounded by y = 3x and y = 3 and the y
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The Shell Method
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About the x axis:

The idea: given the continuous function and the region shown below. Revolve the

region about the x axis to form the solid shown below..
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This time take slices perpendicular to Take a rectangle parallel to the x axis.
the x axis. They will be circular disks If that rectangle is revolved about the
of volume AV ="z r’h" as before but X axis it generates a cylindrical shell of
this time volume AV ="2arh(thickness)" as
r=radius of disk= £(>) before but this time
h=thickness of disk= AX r=rad. of cylin.=dist from rect to axis= ba’
2 height of rectangle= C
so AV =a| f(x)| Ax g g ‘ﬂ'
Sum these[z/:rfd)t]ake the limit to get: thickness= /Y /
xsiop ' So AV =2m y g(y)Ay
V= f il f(x)]zdx Sum these and take the limit to get
xstart ystop
V= [2myg(y




Example: Find the volume when the region bounded by y = x 3 and x = 2 and the x
axis is revolved about the x axis.
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Washer Method

This is a version of the disk method that needs to be applied when the circular disk
slices have a hole as shown in the figure below. -
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In this case we take slices perpendicular to the axis of revolution to obtain washer
shaped objects, The volume of one slice would be e )
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For revolution about the x axis, outer radius is the top curve, inner radius is the
bottom curve. For revolution about the y axis, outer radius is the right curve, inner

radius is the left curve. iﬂl{ayﬁ ol peeiny = !:.(/\( } e = G (r }
Sum and take the limit, leads to an integral.
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But once again..
It is better to understand the general idea than to memorize the formulas. ]




Example: : Find the volume of the solid gene

y= Vx and y= —;—x is revolved about the x axis.
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Example: Fmd the volume of the solid generated when the region bordered by
y=x%, y=2-x and the x axis is revolved about the y axis.
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About an axis other than the x or y axis

Example: Find the volume of the solid generated when the region bounded by

y= 1/; and y= %x is revolved about the line y=-1.
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l Summary —I
The Disk/Washer Method The Shell Method
Take slices perpendicular to the axis Draw a rectangle parallel to the axis of
of revolution. If the slice is a solid disc revolution. It will generate an
then the volume can be found by cylindrical shell when revolved. The
integrating volume can be found by integrating
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where his Ax or Ay and ris the where r is the distance from the
radius of the disk. rectangle to the axis of revolution and

h is the height of the rectangle.
If the slice is a washer then integrate
T [(outer radius)® — (inner radius)* ]h
where his Ax or Ay.




